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Abstract: The study of the Non-Linear flow of a viscoelastic second-order fluid in the annular
region between two eccentric spheres is investigated. This flow is created by considering the inner
sphere to rotate with angular velocity €2 about the axis passing through the centers of two spheres,
the z-axis, while the outer sphere is kept at rest using the Bispherical coordinates («, f,¢). The

equations of motions of second order fluid using retarded motion approximation including inertia
term are formulated and the particular solution of the modified planar second-order equation of

motion which including inertia term is obtained. A modified second-order stream function\y ,,

due to the effect of the inertia, which describes the planar secondary flow field has been properly
obtained

Keywords: Non-Linear flow- Viscoelastic fluid-Bispherical coordinates - Biharmonic vector
equation -Secondary flow- Stream function

1. Introduction

The Construction of Rheometers are based on solution of a boundary value problem. The
theoretical and experimental studies concerning the flow of viscous or viscoelastic fluids in the
annular narrow gaps between two rotating bodies [1-3] are very interesting boundary value
problems in rheology. These problems represent the keystone in the high developing today
industries and technology such as the flow in rotation turbo machinery, in journal-bearing
lubrication, socket joints, petroleum and so on. One of these problems, for two concentric
spheres the studies are carried out, say by Wimmer and Yamaguchi et. al. A large number of
theoretical and experimental works are done on the viscous flow between two eccentric
spheres; Majumdar, Munson,Menguturk and Munson. Abu-El Hassan et .al. studied the flow of
viscoelastic fluid between two eccentric spheres and calculated the velocity for first order only.
Recently, Elbakry et. al. studied forces and torques of eccentric sphere model using Genetic
programming and Neural network.
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The present work is concerned with the solution of this boundary value problem, including
the effect of inertia. The velocity field up to a second order is being a superposition of a first order
primary flow distributed uniformly around the axis of rotation and a secondary flow which is
every where perpendicular to the streamlines of the primary flow. The streamlines of the second-
order velocity is changed due the effect of the inertia.

2. Formulation of the problem

A viscoelastic second-order fluid is assumed to perform steady and isochoric motion in the
annular region between two eccentric spheres . This flow is created by considering the inner sphere
to rotate with angular velocity Q2 about the axis connecting their centers, the z-axis, while the outer
sphere is kept at rest.

Rotating @}
axis

Fig.(1) Configuration of the two eccentric spheres
Using the Bispherical coordinates («, f5,¢) the inner sphere is the surface defined by f=4,,
while the outer one is defined by f=/,. The radii of the inner and the outer spheres are then
given by; [14],

— _ C
R, =% and R, =w%5

Where c is a parameter related to the scale factors of the coordinates by the following relations:

h,=h,=h= :
cosh f —cos

h, =hsin «

Symmetry about the z-axis implies that the velocity field X is independent of the coordinate @ .
Hence, the velocity field can be stated in the form

X(a, ) =u(a, B)a +V(a, B)B+W (a, B)§ . (D
where the components u(a, f), V(«, f)and W («, ) are only functions of the coordinates o and £ .

The non-slip at the boundaries £, and £, imposes the boundary conditions
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X, . =g h(p(a’ﬂl)
.|”‘ @)

The equation of continuity ,

VeX= 31_ i(hzsinoz u)+i(h2sina v)|=0.
h’sina | dx ap
is satisfied identically if u and v are derivable from a stream function y by the expression
u= 2_'1 NV nd v 21, v (3a)
h”sina df hsina do
Or in the compact form we can write
U =u(@.f)i + Ve ) = V() (3b)
4
The Cauchy dynamical equation of motion for a stationary flow is being

VI(e, f)=VI (a.p)~Vy(a.p)=pX(a. frVX(a. f), “4)

where T is the stress tensor,IE is the extra stress tensor, y is the hydrostatic pressure function and

p is the density of the fluid.
The problem is dealt within the frame of the retarded motion approximation[17,18]. Within this

frame, the following simplifications can be used :
(1) The constitutive equation for a second-order fluid is stated as follow

2
TE - Mél + OLléz +ta, A Q)

=1>
where W is the coefficient of viscosity,t; and O, are two second- order material coefficients

related to the normal stress differences. The tensors é X and é , are the first two Rivlin-Ericksen

tensors defined for steady state flow , by

A =VX+(VX)', (6a)
A =%-VA +VX-A +(VX-A)". (6b)

(ii)The functions W,y andy, can be expanded into power series about the value £2 =0, hence
n-1
W=YQ"W, +0Q")
k=1
n-1 K N
v =200y, +0(Q%) )
k=1

n—1
%= kz_lcz“xk +0(Q")

The method of perturbation can be outlined in the following steps:
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(a) Substitution from (7) into (6a) and (6b) and further into (5) gives an expression for the extra-

stress tensor into powers of Q.

(b) The result can be substituted into equation (4) .

(c) Equating the coefficients of equal powers of Q2 produces a set of successive partial differential
equations for the determination of the velocity components in successive order .

3. First-order approximation

Within this order of approximation the extra-stress tensor ZE includes only é > up to

0(Q?), is given by

T, =uA = iO[VU, +(VU,)T +VW,$)+(VW,$) [+ 0(@"), ®)
The first-order axial velocity satisfies the harmonic equation ,

Vi (W,$)=0. )
with the boundary conditions ,

Wl(aaﬂ1):h¢(aaﬂl) ,Wi(a,,)=0. (10)

This boundary value problem has the solution

3 z, sinh(n+1/2)(f - p,)

W, (a, f) = 2>C(cosh B —cosa)""? S 27 pl
(@ f) (cosh ) Z‘ sinh(n+1/2)5e™"»4 "

Where, P! is the associated Legendre polynomials of order n and degree one and & = 3, — f3, .

On the other hand, the stream function v, satisfies the boundary value problem,

(cosa), (11)

v{%&ﬁ)([,]: 0. (12)
with the boundary conditions

0 |
Wl(a,ﬂ)=é’ﬂw1(a,ﬂ)={o} at ﬂ:{g} (13)

It can be easily shown that the only solution for the boundary value problem defined by
equations (12) and (13) is the trivial solution ,=0.
Up to the first order , the velocity field reduces to,

X=QW,(a, )@ +0(Q?) (14)

4. Second-order approximation ignoring inertia

Up to this order of approximation the Cauchy dynamical equation of motion which is given
by Eq.(4) ignoring inertia term pX(a, B).VX(a, B) becomes
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V'lﬂé]"‘aléz"'azélzj_zlz =0, (15)
where %, is the second order pressure term .During our calculations, we have to notice that

from equations (6a) and (9) up to the O(le)

Ve él =0, (16)

Consequently,

VeA :%V(él A D+2(VXVVX). (17)
Similarly,

Voéf:iV(él (A H+2(VX: VX) (18)

Substituting equations (16), (17) and (18) into equation (15) we get

p {V2ON2¢)+V{W(W2(QM)H+2(% +a, (VL VY )
4
+ @, 420 V(A A )~V 7, (a. )= 0.
4 - (19)
Applying the decomposition performed in the first order approximation to this equation, it
decomposes into two equations with the relevant boundary conditions. The first boundary value
problem determine the (0 -component of velocity W, (e, ), which has the form

Vi (W,$)=0, (20)

with the boundary conditions

W, (a, )= {0} at ﬂ={ﬂ'}. (21)
0 5,

This boundary value problem has the identity solution

W, (a, 3)=0. (22)

The second boundary value problem concerned the stream function y,(a,f) is

yv{vX(‘:‘/’Z(;"—”M)}z(al +a, ) (VX VV %)

4

1
+ (@, 420,V (A A )=V 75 (. f)=0. (23)
Taking the curl of the last equation we get
v“(c"’;“/’):z(“z ) U (VEVVX). (24)
7

4
Using equation(11) and equation(14) in equation(24),it can be shown that
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h 2
il a6 14467 (@, ¢ ay)sing | 2O A VR TRFRET) 05
h, ) msh’Gon’ Z

4

- gsinz al2F, () +3shB1-F,(B)

Where, F (8)=shBsh’>3(8-5,)
and F,(B)=sh3(8-p5,)

with the boundary conditions

0
Wz(aaﬂ):é)ﬂ‘/jz(aaﬂ):{o} at ﬂ:{ﬁl} (26)

It is obvious that there exist a non-zero unique solution fory, («, 8 )which describes a secondary

flow field U, superimposed onto the primary flow W, (e, £) . The solution of Eq.(25) is performed
in [15]. The final form of the second-order stream function [/, is given by,

h’sh’ B
36h°c(a, +a,)sin’ a SIp)+S2Pr+a, 3
w,(a,p) = Sh2C6) h heh ; (27)
H 2 +q2€(Chﬂ+COS(){)+q3 SC’B+q4
where the functions , S1(£), S2(f) are given by,
Sl= hﬁﬂﬁ j){f 1(8)—e” cosa[ f2(B,)]5 —e cosaf f 3(ﬂ0)]§2}, (28a)
S2 =e’[cosof 4(f3,) +sincf 5(f3,)15' +e ™ [cosaf 6(8,) +sinaf 7(5,)15, + F8(8)., (28b)

With,
f1(f) = 10’37z[l3.6ﬁch(3ﬂ2 —88)—50ch(38, — 68) +395ch(3 5, —48) +14.54sh(33,) sh(25) +
1.7sh(33, —88) —8.2sh(38, — 6 8) + 9sh(3 B, — 4 8) — 7.2sh(3 8, )ch(2 B) + 504(sh 3 — fch3)
74ﬂzsh(3/32)+112ﬁch3ﬂ—23ﬂch5ﬁ+37sh3ﬂ+4.7sh5ﬂ]
f2(8)=10"[6.3e” —1.68e*" + .42e°F — 2%/ 73> — 18e*/**/2 4 4267/ sh3p, +.075e*/ 3/
—.04e%7" — 48 psh3p, ]
f3(8)=107?[-1.63e*” +e°/ —.06e’” —.96e*’ch3p, +.09e*/ "3/ — 053/ — 39¢*/ 3/
+.166e'°77% 11,92 fch3 3, ]
f4(B)=107[-155+6.8e*” —1.5e*” —1.5¢”sh33, +2.33sh3(B - ,) + 3.4/ —1.6e>" /> + 77"/ ]

fS(ﬁ):%[3.3eﬂ —.44e* +.044e°" — 03> — 23e* 2 4 0667 —.008e™ 7 +.76 fch3 B,
f6(B8)=107[208 —7.3e*” +4e*’ —1.25e% +1.45e°/7/ —1.36e"/ /2 4+ 2.2e°/ /-

e’ (-3.6 + 85sh33,) +1.2¢” (e +10sh3p,) - 2.8¢"" " 1+ 9e*/sh 2(5 - 8,)]
f7(ﬁ):%[—.5e/f +1.1e% - 266 +.03e7 +e" (- 3e* — 15e* + .05 — 006" )

+e¥ (- 368 - .63 + 8e — 11e* )] :
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f8(B) = ﬂ'{ﬂ[.o28 ch(3p, -78)—.11ch(3B, -58) —.11ch(3B8, —38)—.14ch (33, - )

+.03¢ch (38, +38)+.38¢h28 —.062ch48]— Sh(3p, —78)—.015sh (38, - 55)
+.028 sh(38, —38)—.1sh(3B, — B)—.046 sh(3B, + B)—.12sh 2 + .11sh4p +

10 2[-4sh3 8, In(shB)+ B> (34 —4ch3ﬂ2)—8ﬂ3sh3ﬂ2]}

After applying the boundary conditions the constants q, ,q,,q,and g, are given by

g, =% T OO (292)

0,05 — 0,0
-1

a, :—[0)3 +w5q1] (29b)
2
-1
s =———{E(f) -E(S, 2192071 — Y2 P 1131_132 29¢
q gl(ﬂl)_gl(ﬁz){ (B)—E(B,)+a,[9,(8) - 9,(B)]++a,[9, (B) -9, (B)]} (29¢)
a, Z_[E(ﬂ1)+ q3gl(ﬁ1)ngz(ﬁ1)]++Q1gl3(ﬂ1) > (29d)
where ,

9,(f) =h(p)shp

9,(8) =h(p)(chp +cosa),

9;(B) =h*(B)(1~chpBcosa)

9,(a) = _ng(ﬂz) +29,(6)9,(5,) + hz(ﬂz)(l_Chﬂz cosar)
E(f) = pash? G OIS, (B) +S, ()]

36(a, + a,)h*csin’ a

[gz(ﬂl)_gz(ﬂz)]
=-2 h -
TRV S BNy AR L

0, = E ,(f,) +[EB) - EB)(20,(8,) - 94(f,) )

[91(,81)_ g1(ﬂ2)]
[E(;Bl)_ E(ﬂz)]g3(ﬂ1)
- E -
R TRV S Er RV A

g,(a)
-2 h - 2 -
@0 =20, (BINB)os +19:(8) 98120, (8 - SEEL )

o, = 0,(8)(202(8) - 92(8) - 9,(5)9,(5))

(a:08)-9:(5,))
gl(ﬂl)_ gl(/Bz)

W = _2914(;32)"'2913(ﬂ1)91(;82)+3912(182)h2(/82)(1_Chﬂ2 COS“)_
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5. Second-order approximation including inertia

The inertial term in the Cauchy dynamical equation of motion for a stationary flow,

Eq.(4),becomes
2

pX(at, VX, B) = pw, 6. —2—(w, §),, = p T (),

hsin o hsin o (30)
chfcosa—1 . shp -
R i L)
Csin c
therefore, up to this order of approximation Eq.(4), becomes
Veluh +a A, ra, A vy, = pwp 2L SF 4 (1)
= = = csin o c
Substituting equations (16),(17), (18) and (30) into equation (31) we get
u{VZON2¢>+v2[VX<‘””2ﬁ1ﬂ)H+2mI +a,)(VE: VY X)
P

1 chfcosa—1, shp ,
e, r20)V (A )Yz p)= pwi (L3 E L SV g, (32)

4 Csin o c

Applying the last decomposition performed in the second order approximation ignoring
inertia to this equation which inertial term is considered, it decomposes into the following two
equations with the relevant boundary conditions. The first boundary value problem is

Vi (W,$)=0, (33)
with the boundary conditions
Wz(a,ﬁ):{o} atﬂ:{’gl}. (34)
0 B,
This boundary value problem has the identity solution
(35)

WZ ((Z, ﬁ ):0
The second boundary value problem concerned with the determination of the modified stream

functiony, (a, f) is stated as follows

w{vm%ﬂ)}zml 1o, )(VX: VY X)
Ch,Bcosa—IO?Jrsh,BﬂA). (36)

csin o c

1
+ Z(ozz+2051)V(é1 A=V, (a, B)= pw;(
Taking the curl of the last equation we get

v“(c‘/;“”)zz(“2 ) G (VXY %) + %Vx[pwf(

4

Using equation (11) and equation (14) in equation (37), we get

Chﬁcosa—l&jLshﬁﬂA)] (37)

Ccsinh C
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Csin & Cc h?

VX{pWZ(Ch'B cosa — 1 Shﬂ ,B)} _ ({33_2 Czp( F(B)+F (ﬂ)—ﬂ ]sin & cos & — 2([7)) sin aji|, (38)

and

h 2
72¢% sina 2COSa[E(Ch,BF1(IB)+Sh ﬂFz(IB))"' Fl(,B)]

p 12 s © (39)
sh’*(Go)h —sin® a2F,(8) + 3 shpl- F.(8)

Vx(VX: VVX)_

Where, a =27 exp(—/3,)sh2 8, F,(8) = shash> 2 (8- 3,)
and F,(B)=sh3(8-p5,)

Substitute from equations (38) and (39) into equation (37) we obtain the following biharmonic
vector equation

h 2
V{c(//z(ﬁj:144C2(a1+a2)sina 2C050‘[€(ChﬂF1(ﬂ)+Sh BE,(B)) + F (B)] A

VE 4 4
ush= (3 oM —%sinza[2F](ﬂ)+%Shﬁ]—Fz(ﬁ)

4

+ @{w[[ﬁ (B)+ F,(p) Chzﬂ]sin a cos & —#Sin aﬂa (40)

ph’
with the boundary conditions
0 B
l//z(a:ﬂ):aﬁl//z(aaﬂ):{o}atﬂ:{ﬂl} 41)
2

Equation (40) is an inhomogeneous biharmonic vector equation which can be decomposed into
two equivalent scalar equations by expanding the vector ¢ as follows :

@ =—Xsing+ Ycose :
thus , we get

h |sing ush? (25)h*

®

h :
w[% {COS (p}j‘ 1446 (@ +ar,ysin o | 2608 @LC (CNBF () +h*BF, () + Fy ()] {COS ¢,}

sin @

_%sm2 a[2F (B)++shpl1-F,(p)

+H3a2 c;p [[Fl (B)+F, (ﬁ)Ch_'B] sin & cos & — E1C) sin aﬂ{c.os ¢Ha (42)
" > 2 sin @

where the solution remains unchanged by taking either the cosg or the sing function .
Renominating the function in Eq.(42) by,
= cwzhcosgo ,

4

* ¥ *2 *_ 1 ¥ _ 2
p _p +p 5p _p COSCDap _p COS¢> (43)

where,
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2cos 0![2 (chBF,(B) + sh® BF, (B)) + F, (B)]

L 144¢* (o, + a,)sina

GO | Din opaF () + 1shp) - ()
p’ ={3ayh p( FB)+F (ﬂ)—ﬂ ]sinacosa — zéﬂ) smaﬂ

The function \|! is constructed, as stated before, as the sum of the two functions; namely,

y' =y, (44)

w " is a solution of equation (43) includes p”* only which given by equation (27) and consists of
a particular solution and the solution of the homogeneous biharmonic equation, V*(y™)=0.
w*P" is a particular solution of equation (43) includes p™ only, inertia term, which obtained via a

proper Green’ s function.
The Green’s function which satisfies the problem under consideration is the solution of the
inhomogeneous equation ; [11],

v a.f..0.) = [-87°h7 @ - a)s(B - B30~ 0.). (45)

where, 8(X —X ) is the Dirac delta function .

A proper Green’s function is of the form [( R*/4)In R] ;  where,
R*=(x- Xo)2 +(y - YO)Z +(z- 20)2

In terms of Bispherical coordinates («, £, ¢) this function takes the form

R* = 2hh,[ch(B - B,) — cos(a — a,) —sin a sin a,(cos( ¢ — @,) —1)]

where , h, - °
chg, —cosa,

Using the following expansion of the logarithmic function which included in the Green’ s
function

In(chfB —cos a) = B — ZZexp( ng)——=

cos( na) 2

In(1-x) = Z—

= n
a,,B.,,) is given by
a.p.,0.)), (46)

Consequently,

ao’ﬂo’wo):hho( 1
G, (a,pla,,p.)=—L[sin asin a,(cos( p - p,) - 1]

G, (a. fla.. B.) =[ch(f - B,) —cos(a - ay Woa. Blar... B.)
a..B..9.) = -sinasin a, (cos(p - ¢,) - Dl Lu(e, Bler.. B.)

With
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= cos(ho > cos(nho

Lia gl )= n2-e)+ Sexpnp) <202 43 expong,) <=0
n=l1 n=1

cos(N(a — ;)
n

—f. =Y exp(-n(B. - £.))

The Green s function theory implies that the particular solution, """ is expressed by the integral,

s 1 5k
V(@ f0) =— [dp[de [p7(@.B.0)h,(@.B h da.B.0)0f (47)
879 0 3

The first three terms are included in the homogenious solution then the last equation becomes

v "™(a, B, )_ Id Ida Ip (a,, BN (a,, B.)sin® a, (1—cos(p— PP +

hsma

= @A)
z cosn(a—a,)]dB, (48)

n=1

performing the (-integration of the last equation we get ,

y/*pin(a’ 187 §0) =

hsmacow I de J.p*z(a poh* (e, B.)sin’ e[ B. +ie_n(ﬂ>_ﬂ<) cosn(a—a,)1dB. (49)

n

Since the express1onz exp(- n(,B - =B s a fast convergence function, it can be approximated
n=1 n

by its leading term. This approximation is necessary in order to keep the last integrations in a

tractable limits. This step is tested numerically with the result that this truncation does not affect
the final result seriously.

Substituting p~ from equation (43) and taking the summation for n=1 then equation (49)
becomes ,

*pin 3a’hpsinaco
VP fip =Y

87

for g, > f , the integration 11m1ts are taken from g, to f and for S < g , the integration
limits are taken from fto g, .

Jd Ihz(a B)sint o ((F +FchB)cosy —F)[B.+& 7 costr— a)ldd  (50)

Performing (% -integration of the last equation we get ,

‘i 3a’hpsi A Al
v, Brp) = fgfzi“’w J(e v ﬂ°)|1)+ﬂo|2)dﬂo+£(e(ﬂ ﬂ»ll))dﬁo (51)

where,

Ilzilncosa+llz7zsina} > (52a)
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l,, =3(4/3-8ch 2ﬂ0)+ 6sh 3(B, — B,)ch B +
[7sh3(ﬂ0 ~pyN3eh 2+ 1)+ I (dch 2 g~ 2ch ﬂo)}log(

I, =3(4ch 3ﬂ0 — 4ch 2ﬂosh ,60—3ch ,80+sh ﬂo)
~sh3(f,— B, ~1.5+3ch 2ﬂ0+30h Bosh By)

chﬂo+1
ch,BO—l

M. Y. El-Bakry

|, = 3(=6chB,)+4sh3(B, — B,) +[sh3(B, — B, )(~2chB,) + I (3ch 3, + 1)]1og(z:ﬁ) 0 j) (52b)

and

J= Shﬂo (-1+ Ch3(180 - 182 )+ Chﬁ05h3(ﬂo - ﬁz)
After performing the /3 -integrations in Eq.(51) we get

v " (a, B,p) =

where ,
) KI(5,)+.66 K3(6,. )~ K4(B)
R =exe=h )L k2(f) - K2(f, J exel/ )(+ K4(B,) J

+K5(8) +k6(5,) +exp(=35,)k7(S) + exp(3 5, )k8(/5)
M(f) = M1(B) +exp(-=FIM2(f,) +exp(HIM3(B,. f,)

g s
N(B) = Nl(ﬂ)+N2(ﬁ)log(1+e )+ N3(B)log(" +l
with,

kl(ﬂz) =.35+1. 35€Xp(2,32)+1 04exp(—2ﬂ2)—.086Xp(4ﬂ2)
eﬁ))(3sh<3ﬁ2>+ s ch(34,) -

3a’hpsinacosg
167°

-

ﬂe 3p,

k2(S) =—.931log(1-e*") + log( )

+log(Ch(h’E)ﬂ;1)( 1777 — 1% + e (58 +.25¢7*F +.13e™Y)

+e7 (-25e* ++.13e" +.08e” +.08e "’ +.06e*))
k2(B,) = —93log(1-e*") + log( ))(—sh(3ﬂ2)+ 2ch(3B,) -

)

+e72(17+.08e7°%))

pe

)

)€ (08 +.58, —.04e>" + 38e7: — 12e72)

[K(B)cosa+M(p)zsina+N(B)],

(53)

(54)

(35)

(56)
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K3(B,,,) =—27—-.664 —.27e 7/ — 3¢ — 66>/ +e7"(23e°/ +e’/
+.54e”) +e’ (166774 + .58 + 517 —1.2e77)

1+¢e”)

k4(B) = .27 log(1 - e”)+1og( )(e’3ﬂ2(31+ 258) +3.2ch(33,) —.06e*)

1og(Ch(h’Egl)( 176 — 17/ + & (.17sh6 3 + .06 > —.19e*

+.06e %)+ e (- —.06e*” —.2513))

k5(p) =.08e” —.58e* + 447/ +2F

k6(B,)=.-30e>" —2e"" +12,e"’

K7(f) =-1.2+2e*" +.56e* +1.4e% —125e*” +10e® +2¢'"”

k8(B)=-1.8+21e* -3¢ +.47e™* 4+ 35¢

M1(B) =.58¢e > —.07e ™" —.12e°7F 4 94 7/

M2(B,) =37 + 217> — 25¢ "

M3(B,,5,) =e " (=5-.58,) e (.06 +.37e")+.1e™/ —.17e

N1(B) = 52.3+34ch3 B, +30e" —sh3(B - B,)+4pch3(B - B,)—19sh(B-35,)
—48ch(B-3p,)+ B(=58.7+328) +5.4sh2 5 —16¢ch2 3

N2(B)=—64+e " (85-118-6p>)+e>(-5.75-113+35> — 88
—3.56e +3.5e + 767

N3(B) =-2.5sh35 +84ch3 5 —28shB + 28 5chB + e/ (6 8% —6e*’ +125e*F +
25e*" — pe*?y+ e (347 +.63eY +2.508e7 +2.5¢ +58 )

Substituting from Egs.(53) and (27) into Eq.(44) and then substituting into Eq.(43), the final
form of the inertial second-order stream function 5 is given by

36hzc(05l +a,)sin’ a {

v,($,0) = SC) SI(B) +S2(B) |
R hpsm““’s‘/’ [K(B)cosa + M (B)zsina + N(B)] (57)
167 1
Dlw —(Chﬂ+cosa)+D S:'B .

Applying the boundary conditions , Eq.(26), on the last equation, the functions D,,....D,can

be obtained as follows
0,0, —0,0,

D=——"—7—, (58)

0,0, —0,0
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D2 :i[o'3 +O-5D!], (59)
o,
-1
D, =————— —{[(8)-T(5,)+D,[09,(8)-9,(8,)]+ D\[g; (B) -/ (5, 60
gl(ﬂl)_gl(ﬂz){ (B)-T(B,)+D,[9,(8,)—-9,(8,)]1+D,[9; (5)-9; (5,)]} (60)
D4:_[F(ﬂl)+D3gl(ﬁl)+D292(ﬂ1)+Dlgl3(ﬁl)]’ (61)
where

9,(#) =h(p)shp

9,(%) =h(p)(chp +cosa),

9;(8) =h*(B)(1-chBcosa)

9, (@) =207 (8,) +29,(4)9,(S,) +h*(B,)(1-chp, cos @)

r(p) = 36(, +a2)hzcsin22 a[sl(ﬂ)+82(ﬂ)]+3a2hpCOS(pSina[K(ﬁ)cosa+7z|\/|(,8)sina+ N(B)]
umsh® (3 0) 167> u

And the coefficients o,,.0,...0 are expressed by the relations

[gz(ﬂ1)_ gz(ﬂz)]
[0,B)—9,(8 22P

o, = F,ﬂ(ﬁz)+[F(ﬂ1)_r(ﬁ2)](2gl(ﬁ2)_

_ [r(ﬁl) _r(ﬂz )]QS(ﬂl)
[gl(ﬂl)_ gl (ﬂz)]

o, =20, (BB, cosa +[9,(B) - 8, (8120, (B,) -

o, =-29,(B)h(B)cos a -

9.(8,) )
[gl(ﬂl)_ 91(182)]

O3 = F,ﬁ (181)

9,(x) )
[gl(ﬂl) - g1(ﬂz)]

05 = g3(ﬂ1)(2glz(ﬂl)_ gf(ﬂz)_ gl(ﬂ1)g1(ﬂz))

(0:(8)-09:(5,))
gl(ﬂl)_gl(ﬂ2)

O = _2g14(ﬂ2)+2gl3(ﬂ1)gl(ﬂ2)+3glz(ﬂ2)h2(ﬂ2)(l_(:hﬂ2 cos a)—

6. Results and discussion

The present work represents a theoretical investigation of the isochoric and isothermal Non-
linear flow of a viscoelastic second-order fluid including inertia in the annular region between two
eccentric spheres. The results show that the axial component vanishes; i.e. ,\W; («, £ )=0, while the

planar secondary velocity field U, , with its components u, andv,, is determined by the stream
function y, given by Eq. (57) . This stream function J/,( «,f) is being the solution of the

equation of motion, within the retarded motion approximation, and it causes a planar secondary
flow field U, superimposed onto the primary flow which is represented by the first order velocity

fieldW, (e, £).[3].
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The general streamlines of the fluid particles due to both of the primary and secondary flows
can be visualized by combining the primary motion W, (&, £ ), which takes a closed path about the

rotational axis; 1.e. the Z-axis, and the loops of the streamlines mapped onto P -Z plane . In view of

a specific particle located in a specific circular primary path, when exposed to the additional
secondary motion it will draws a closed loop.

Finally, we conclude that the effect of the inertia on flow of a viscoelastic fluid in the annular
region between two eccentric spheres is appeared in the equations of motion of second-order fluid
and therefore, the solution for the first order does not affected. However, the equation of second
order which indicates the presence of secondary flow superimposed onto the primary one, includes
inertia term clearly. The inertia second order stream function depend on viscosity and density of
the fluid.

The present modified second-order stream function\y, («, ), due to the effect of the inertia,

which describes the planar secondary flow field has been properly formulated by solving the three-
dimensional inhomogenious biharmonic vector equation. Using Green’s function of the Bispherical
coordinates, the particular solution of the modified planar second-order equation of motion which
including inertia term is obtained and then the complete stream function which describe Non-linear
flow of second order fluid are determined.
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